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In [1] the problem of the construction of the optimal form of shielding 
(in the sense of minimum weight) for the monoenergetie 7-radiation 
of linear, disc and cylindrical sources was considered. Below, for the 
same source geometries, the problem of optimal form of shielding is 
solved for the case of polychromatie radiation. As in [1], radiation 
scattering in the environment is neglected, and the sources are assumed 
to radiate isotropically. Multiple scattering in the shielding is taken 
into account by using an analytical expression for the build,up factor. 

1. C o n s i d e r  f i r s t  a l ine  s o u r c e .  The e n e r g y  flux of  
T-quanta  at  a poin t  0 (see F ig .  1) d i s t an t  h f r o m  the  
l ine  s o u r c e  of  length  2 r  0 and spec i f i c  i n t ens i t y  S i s  [2] 

s K = ~ I Z ~,E,B, o~p ( - -  ~,x) ~ .  (1 ,1)  
0 i = l  

Here  x i s  the  sh ie ld  t h i c k n e s s  and B i i s  the  ene rgy  
b u i l d - u p  f ac to r ,  t ak ing  account  of mu l t ip l e  y - r a y  s c a t -  
t e r i n g  in the  sh ie ld .  We use  an ana ly t i c a l  e x p r e s s i o n  
fo r  the  e n e r g y  b u i l d - u p  f a c t o r  in the  f o r m  [3] 

B = A~ exp (--  ~ t x )  + A2 exp (- -  a ~ x ) .  (1.2) 

He re  A1, A2, oq, ~2, a r e  n u m e r i c a l  coe f f i c i en t s .  Sub- 
s t i tu t ing  in (1.1) and put t ing  ~ '  = ~ (l + ali) and ~ " ' =  
= ~ ( + a~), 

r J 
s ? 

3; : 2 K ~ - J  n s  [A.t~ exp ( - -  ~i'x) + 
0 i = l  

+ A2~ exp (--~q"x)] d(~. (1.3) 

Here  j i s  the  n u m b e r  of  l ines  in the  y - s p e c t r u m ,  
n i i s  the  y i e ld  of y -quan ta  of  g iven e n e r g y  E i p e r  nu-  
c l e a r  decay ,  and #i i s  the  y - r a y  a t t enua t ion  coef f i c ien t  
in the  m a t e r i a l .  The  weight  of sh ie ld ing ,  a s s u m i n g  
x << R, iS 

G = 2htp f x see (~dT, (1. 4) 
0 

w h e r e  h i s  the  d i s t a n c e  f r o m  the sh ie lded  point  0 to the  
c e n t e r  of  the sou rce ,  p i s  the  dens i t y  of the  sh ie ld ing  
m a t e r i a l ,  and t is  the  long i tud ina l  d i m e n s i o n  of  the  
sh ie ld .  

The p r o b l e m  is  to d e t e r m i n e  the f o r m  of sh ie ld ing  
which p r o v i d e s  a g iven  e n e r g y  flux at  the  sh ie lded  
point ,  K = K 0' with m i n i m a l  m a s s  G. We t r a n s f o r m  
to d i m e n s i o n l e s s  v a r i a b l e s  

u =  - - - ~ , g =  2 - ~ 0  , ~ = x ~ ,  = ~ , 

~," = ~ - , ' , ,  = --ft. (1.5)  

The a b s o r p t i o n  coe f f i c i en t  # c o r r e s p o n d s  to the  e n e r g y  

m e t  + �9 �9 �9 + n) E~ , (i. 6) 
E ---- m + �9 �9 �9 + n~ " 

The i n t e g r a l s  (1 .3)  and (1.4) m a y  be  e x p r e s s e d  in 
the  v a r i a b l e s  (1: 5) a s  

J 
d___~u = ~ , n i v t  [Au exp ( - -  i~'~) -+- 
d(p 

+ Al~ exp ( - - )C~)L ~ = ~sec ~,  (1. 7) 

with bounda ry  cond i t ions  

(0) = 0 ,  u ( % ) = ~ o ,  

g (0) = 0 (o<~o<.V,~).  ( i .  8) 

We f o r m u l a t e  the  v a r i a t i o n a l  p r o b l e m  in the fo l low- 
ing way (cf. [1]): fo r  the  s y s t e m  (1.7) in a c l a s s  of 
p i e e e w i s e - c o n t i n t m u s  funct ions  t h e r e  i s  found a c o n '  
t r o l  p a r a m e t e r  ~(~)-> 0, which g ives  a m i n i m u m  
fini te  va lue  of  the coo rd ina t e  g(~0) and s a t i s f i e s  the bound-  
a r y  condi t ions  (1.8) .  The f o r m u l a t e d  v a r i a t i o n a l  p r o b -  
l e m  wi l l  be  so lved  us ing  the  method  of  L. S. P o n t r y a -  
gin [4]. We w r i t e  the  Hami l ton ian  

J 
H = Px ~ n~vi [Aa exp (--)~i'~) + 

i ~ l  

A~ exp (--)~i"~)] -{- Pg~ sec ~, (1.9) 

whe re  the  m o m e n t a  Pn and pg a r e  cons tan t s  s ince  

dPx OH O, dpg dH _ O . ( 1 . 1 0 )  

A c c o r d i n g  to [4], the  m o m e n t u m  pg, c o r r e s p o n d i n g  
to the m i n i m i z e d  coord ina te ,  m a y  be put equal  to - 1  
and Px  to some cons tan t  P0. Then 

J 
/ / --- '  po Y, *~ (4) - -  g seo ~, r (~) = 

t=1  

---- niv~ [AI~ exp ( - -  ~L'g)+ As  exp (--~"g)] (1.11) 

On the  b a s i s  of  the m a x i m u m  p r i n c i p l e ,  the  op t ima l  
con t ro l  ~(~) -> 0 mus t  g ive  the  abso lu t e  m a x i m u m  of 
the  funct ion H [ s ee  (1.11)] .  F r o m  a n a l y s i s  of  the  equa-  
t ion  f o r  the  p a r t i a l  d e r i v a t i v e  

J 

= - ( p o  Y + 
J 

t=1  

Tli ([) - -n ivt  [~.(AI~ exp ( - -  i ~ ) +  Xi A2~ exp ( - -  ~"~)], 

i t  fol lows tha t  on those  i n t e r v a l s  w h e r e  

P0 [Th (0) + . . .  +~l i  (0)] > - -  see% 

the m a x i m u m  of H i s  r eached  fo r  ~ = 0. I f  

po [ ~  (0) §  + ~  (0)] ~ - -  see% 

then  [ (9 )  is  d e t e r m i n e d  f r o m  the condi t ion  aH/a~ = 0 ,  

P0 [ql(~) + - . .  +~]~(~)] +see(p  = 0 .  (1.12) 
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We denote the solut ion of (1.12) by ~ ( ~ ) .  The opti-  
mal  form of shie lding is then de te rmined  by the equa-  
t ions  

{~o;(r for cosq0>~--l/po' 
(Po' < 0), 

((P) = for  c o s ~ < - - l / p 0 "  

po' = po Y,~,(o) = ~o Y,~,~ (x,'~,~ + ~; 'A~)(1 .~3)  

If cos % ~ --  i / P0', then the opt imal  control  ~ (q)) in -  
c ludes both par t s  of (1.13). The va lues  of p~ (or P0) 
a re  de te rmined  f rom (1.12) with the condit ion ~ (q~,) = 
= 0  

sec r . (1.14) Po' = - - s e c r  P o = - - ~ h ( O ) + . . . . , l ~ ( t l )  

Substi tut ing in (1.12), we get 

j 
~ (~) _ ~o~ ~ ,  ~ ~, ( o ) ,  (~.  ~5)  

i ~ l  COS ~ i ~ l  

and the opt imal  control  ~ (~ )wi l l  be de te rmined  by 

1~o(~) for  o < ~ < r  (r (1 16) for r < ~ < r  

Here ~0(~v) is  the solut ion of (1.15). 

Fig. 1 

.- 6 - ,  

Equation (1.16) is valid within the T-quantum en-  
ergy flux range 

If ~o is l ess  than (1.17), i . e . ,  

then the th ickness  of shielding is everywhere  g r e a t e r  
than zero (~, ~ ~0)' In this  case  P0 is de te rmined .  We 
rewr i te  (1.12) 

_.pocosqD [B, (~) -~ . . .  + qj(~)] = 1. (1.19) 

Then, taking account  of (1.19), the f i r s t  solut ion of 
(1.7) may be wr i t ten  

J J 

i ~ l  i =l 

• = = -  Po I c.osqD ~ * ,  ( ~ ) ~ r l i  (~) dq~. (1.20) 

We de t e rmine  the constant  P0 f rom (1.20) and subs t i -  
tute it in (1.12) 

J ~ J J 

• ~ ,h (~ )  = fc~ ~p~(~) ~Tl~(~)dq). (1.21) 
i ~ l  0 i ~ l  t = l  

Solving (1.21) with r e fe rence  to ~(~), the opt imal  form 
of the shield is  obtained.  The weight of the shield is 
found by in tegra t ing  the second equation of (1.7). For  
this  purpose,  ~(r is subst i tuted f rom (1.16) in the 
in te rva l  (1.17) and f rom (1.21) in the in te rva l  (1.18). 

Fig. 2 

2. Turn ing  to the case  of a disc source,  the energ~ ~ 
flux of ~-quanta at point 0 (see Fig. 2) is de te rmined  

by [2]: 

0 i=l 

[the form of function r is as in (1.11)]. The weight 
of shielding G on the assumpt ion  x << R is  

~o 

G = 2nh2p ~ tg r sec ~xdq~ (2. 2) 
0 

Here h is the d is tance  from the shielded point O to the 
cen te r  of the source,  p is the densi ty  of the shielding 
ma t e r i a l ,  and F is  the surface  in tens i ty  of the disc 
source .  

The d imens ion l e s s  va r i ab l e s  a re  as in (1.5) with 
the exception of ~ and g, which a re  now 

2K G~ (2.3) 
•  FE ' ~ =  2 ~ 9 "  

As in the case of a line source, the integrals (2. I) 
and (2.2) are expressed in the dimensionless variables 
(1.5) and (2.3) as the system 

J 
dg d• _ tg(p ~ r  -- tg(psecq)~. (2.4) 

d ~  dg: 
i = 1  

The boundary  condi t ions  a re  as in (1.8). 
According to the ma x i mum pr incip le ,  the opt imal  

control ,  ~(r >- 0, must  give an absolute  m a x i m u m  of 
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the function 

H = tg(~ {Pc [~Pl (~) + .  �9 �9 +~Pi ({)l --  { sec~}. (2.5) 

Since the fu r the r  a rgumen t  is analogous to that  given 
above fo r  a line source ,  we shall  r e s t r i c t  ou r se lve s  
to the express ion  of the end resu l t s .  

ii / I. 

0 ~ 

o / 2 Xo 

Fig. 3 

The solution for  a d isc  source  ag ree s  comple te ly  
with (1.16). In tegra t ion  of  the f i r s t  equation in (2.4) 
gives  

•  f t g ~  s  cos~,~ ~n~v,.  (2.6) 
0 i ~ l  COS (~0 ] i ~ l  

The solution for  a disc  source  (1.16) is valid over  the 
range  of flux 

I t g T  ~ * , ( ~ ) d ( P <  •  r ~n , ,~ .  (2.7) 
o ~ 1  i = l  

As an example,  Fig.  3 shows a graph of  the depen-  
dence of (p, on ~0 fo r  the Co 6~ - / - spec t rum (with a 
lead shield).  As in (1.21), we obtain 

{=1 0 i = 1  i = l  

the solution of which [(~) is valid in the in terva l  

~o 
O<• l tg (~  ~]~p,(~)d(p. (2.9) 

0 i=1  

The weight of shielding is de te rmined  in the same 
way as fo r  a line source .  Figure  4 shows a graph  of 
g0(n0) fo r  fixed values  of  r fo r  the Co ~~ T - spec t rum 
(with a lead shield).  The broken curve ,  fo r  ~ .  = r 
s epa ra t e s  reg ions  (2.7) and (2.9). 

3. We now find the opt imal  f o r m  of shielding for  
a cy l indr ica l  sou rce ,  With se l f -absorp t ion ,  the en-  
e r g y  flux of  -/-quanta at point O (see Fig.  5) f r o m  a 
cy l indr ica l  source  is [5] 

,v~ ~ , 

K = ~ - T  sin (p ~ ( ~  ~ x )  [t 
i~--4 

- e x p  (--~,~b sec~)] d~ + ! sin X(3 .1)  

E >< exp (:-- l~,ix) 1 - -  exp ( - -  si~ ( -- tg (~ ctg 

' (an) 
(cont'&) 

Here T is the volume intensity of the source, and the 
indices e and �9 refer respectively to source and 

shield. 
To take account of multiple scattering in the shield, 

as above, we use  an analyt ical  express ion  for  the en-  
e rgy  bui ld-up fac to r  

B ----- AI(') exp (--  a~(')W:x) + A~ (~) exp (--  a~(~)~x). (3.2) 

Substituting (3.2) in (3.1), we get  

K = -~- %" sin ~p ~=, . ~,~ 

0 

- -exp (--9,ibsec~)]:d(p "~-i~ ~ r 
~k i = 1  

*.~ (x) = niE([Ald ~ exp (-- ~ ' x )  + A~(~) exp (-- F~('x)l ' 

~,~' = ~ (l + cqd')), ~,~" = ~ (l + ~(~)), .J (3.3) 

The weight  of  the shield is as in (2.2). The d imens ion-  
less  var iab les  for  a disc  source  a re  still  valid for  a 
cy l indr ica l  source ,  except  that  fo r  n ,  the volume in- 
tens i ty  Y rep laces  the sur face  in tensi ty  F.  Then (3~ 3) 
takes  the fo rm 

vk 

~. [1 - -  ~ =  f sincp 
(0 

-- exp (--  ~,ib see q~)] d~--~- f sinq~ - L : - ,  x 
~k i = i  

~ , 

~b,i (~) = nivl [Au ~'~ exp (--  ~a'~) + 

+ A2i(,) exp (--  ~"~)1, x~ = ~ i  / ~. (3.4} 

Fig. 4 
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In (2.4) the  f i r s t  equat ion,  in c o r r e s p o n d e n c e  with  
(3.4), has  the f o r m  

dz Jh(~) for  o<~<% , 
d~p -- /((p) s in% ]((P) =~1~(~) for  % G  ~P~<% 

]:((P) = , ~ . ~ 1 = 1  - -exp( - - i , t ,~bsec(p) ] ,  (3.5) 

%' (g) ~t - - e x p  I - -  ~ir~ ( '  - -  tg (pctg (Po>]} 

and the second  equa t ion  is  unchanged.  The op t ima l  
con t ro l  g(ep) is  found f r o m  the condi t ion  of abso lu te  
m a x i m u m  (see  [1]) 

H- = tg~(p0 / : ( (p )  cos(p- -  ~seccp) for 0 ~ < ~  (3.6) 
H + = tgr (Po]~ ((P) cosq~ - -  { secqD) fo r  ~<~p. .<%.  (3.7) 

F o r  the  f i r s t  i n t e r v a l  (0 ~ (p ~ (P~) 

n~ (~) 
po cos (p ~ ~ [ i - -  

i = 1  

-- exp ( - -  ~t~b sec q~)] + sec q~ = O. (3.8) 

With  the  so lu t ion  of  (3.8) w r i t t e n  as  g0(~v), the  op t ima l  
f o r m  of  sh ie ld ing  i s  given by  

Go'(~) for  ~ ( ~ ) > ~ - - , / p o  ((p) / o  (p0 < o) 
for ~ (*) < -- ~ / po 

~.((p) = cos~((p) ~ n~(0) [i - -  exp ( - -  ~ b  sec r 
i = l  ~ e i  

(3.9) 
~1,~ (~) = n~v~ [%,~'A:~ (~) exp (--)~, '~)  + 

X:('A~i( :> exp (-- X-('~)]. 

The cons t an t  P0 i s  obta ined  f r o m  (3.8) on the b a s i s  of 
the  condi t ion  ~ (~ . )  = 0 

l 
Po -- ~ ((p.) . (3.10) 

Subs t i tu t ing  (3.10) in (3.8), we get  

%(~) [i oos2(p ~ ~  - - e x p ( - - t * ~ b s e c ~ ) 1 - - W ' ( ( p , ) .  (3.11) 
i = t  

Let  the  so lu t ion  of (3.11) be g0(@), then  fo r  (0 -< ~o _< 
-< ~Ok) the  o p t i m a l  con t ro l  g(~o) i s  

~((p)={~o~r fo r  fo r  ~.<~-.<~00<~<** (3.12) 

The e n e r g y  flux of T-quanta  i s  g iven  by * 

w. 5 

X {cos(p. [l -- (1) (~ab see q % ) ] -  

- -  cos (p~ [i -- OP (~ab sec %)] } @ (3.13) 

ni~ i ~ [COS ~p~ -- COS % --X~,~,, (~iro)l , 

r 

~k  

*Here  ~(x)  i s  K ing ' s  function,  t abu la t ed  in [6, 7]. 

This  i n t e g r a l  does  not ex i s t  in f ini te  f o r m .  However ,  
in [5] the  i n t e g r a l  

[ ~ r o  (I %)] d~ X((p~, %) = f s i n ~ e x p  L-- s i - ~ -  - - t g q ~ c t g  
0 

was  t abu la t ed  for  a s e r i e s  of va lues  of  0,er0), Cpk, ~o 0. 

I 
Fig.  5 

The c o r r e s p o n d i n g  d i f f e r e n c e s  f r o m  th i s  t ab le  p e r m i t  
the eva lua t ion  of the i n t e g r a l  X~,~o in (3.13) s ince  

l = f - l = x ( % / - x  %) 
�9 ~z 0 o 

Equat ion (3.12) i s  va l id  o v e r  the range  

�9 t~ j 

0 i = :  e~ 

5 

- -  cos q% [1 - -  @ (~t~b sec %)1} t- 

Y 
Q- ~ , . ~  [cos q~ - -  cos % - -  X~,~ (~irv) I. (3.14) 

F o r  the  second i n t e r v a l  (~k ~ (~ -~ %) based  on the 
a n a l y s i s  of the function H + (3.7),  the e x p r e s s i o n  

5 

P0 cos ~ 
i = 1  (3o15) 

i s  ob ta ined .  
Denoting the so lu t ion  of (3.15) as  ~'2(m), the  op t i -  

m a l  f o r m  of sh ie ld ing  fo r  ((P~ ~ ~ ~ %) is 

((P) = ~(of:~'(~) for T(%)>--t120 (po < o) 
for  T ( ~ ) < - - i l p o  

5 
T ((p) = cos ~ (p ~ 

L 
i = l  ~{ 

- ~  o)1} ~ ( t  - -  tg (p ctg 

J (0) 
0 ~< T ((p) <, cos ~ (p~ ~, n'~ [1 - -  

i=l ~ai 

(3.16) 

- - exp ( - -F~ ibsec (pk ) ]  for  % ~ < ~ < % .  

Since at ~o = ~o0, T(~o) van i shes ,  the  i n t e r s e c t i o n  
~0 = ~o. a lways  l i e s  in the i n t e r v a l  [0, ~o] and the 
p e r i p h e r a l  r e g i o n s  a lways  r e m a i n  unsh ie lded .  
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As above, P0 is determined from the condition 
~(~.) = 0. On this basis, Eq. (3.15) gives 

1 
P0 = T (~.) (3.17) 

Substituting from (3.17) in (3.8) and (3.15), we get 
J 

~ ~ [1 - -  exp (-- ~ib sec r = T (~,), (3.18) COS 2 

-- exp L-- ~ (t - -  tg . (3.19) 

The optimal form of shielding for (0 <_ ~ _ ~0) is 

[~1(~) for 0 ~ < ~  
(~) = ~ ( ~ )  for e ~ < ~ < ~ .  (3.20) 

where ~l(~p) and ~2(~) are  the solutions of (3.18) and 
(3.19). 

Equation (3.20) is valid in the y-quanta energy 
flux interval 

0 • ~ f ]~ (r sin ~d~ ~- 
o 

J 

+ ~ ~[cosqD~--cosq~o--X,~.r (3.21) 

The weight of the optimal shield is determined by 

integrating the second equation in (2.4). ~(~) is sub- 
stituted from (3.12) on the interval (3.14), and from 
(3.20) on the interval (3.21). 
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